In this article we introduce r-ideals in commutative semigroups. Let S be a commutative multiplicative semigroup with 1 = 0. We say a proper ideal I of S an r-ideal if the condition ab ∈ I with ann(a) = 0 implies that b ∈ I for every a, b ∈ S. We study properties of r-ideals and give various characterization of r-ideals in commutative semigroups.
Introduction
Throughout this study, all semigroups are assumed to be commutative multiplicative with 1 = 0. Let S be a semigroup, and I an ideal of S. If I = S, then we say I is a proper ideal of S. Suppose that T is a nonempty subset of S. Then the ideal {s ∈ S : st ∈ I for every t ∈ T } is denoted by (I : T ). In particular, if T is a singleton, i.e, T = {a}, we use (I : a) instead of (I : {a}). Furthermore, we denote (0 : a) by ann(a). Any element a of S is a zero divisor if ann(a) = {s ∈ S : sa = 0} = 0, otherwise a is a regular element. So the set of all zero divisors (regular elements) in S will be designated by zd(S) (by r(S)). For more details about semigroups, the reader may consult [1] , [2] .
Prime ideals in commutative semigroups have an important role. A proper ideal P of a semigroup S is called a prime ideal if whenever ab ∈ P, then a ∈ P or b ∈ P. Now, we define a proper ideal I of S is an r-ideal if the condition ab ∈ I with ann(a) = 0 implies that b ∈ I for each a, b ∈ S. The notion of prime ideals and r-ideals are different. It is easy to see that the zero ideal in any semigroup is an r-ideal but not neccessarily prime, for instance 0 is not a prime ideal in the multiplicative semigroup Z 6 of integers modulo 6, because 2.3 = 0 ∈ 0 but 2 / ∈ 0 and 3 / ∈ 0 . Also, every prime ideal need not be an r-ideal. To illustrate this, consider the multiplicative semigroup Z of integers and the ideal I = 3Z. Then I is a prime ideal but not an r-ideal since 3.1 = 3 ∈ I with ann(3) = 0 but 1 / ∈ I. In Proposition 12, we give a condition for prime ideals to be an r-ideal. Also, we show in Theorem 14, every maximal r-ideal is also a prime ideal. Let I be an ideal of S and P a prime ideal containing I. If there is no prime ideal P such that I P P, then P is called a minimal prime ideal which contains I. Further, the set of all minimal prime ideals containing I is denoted by M in(I). In Theorem 14, we showed that if I is an r-ideal and P ∈ M in(I), then P is also an r-ideal.
In this paper, we mean, Q(S), the localization of S at r(S) which is defined to be the set of all ⇔ us x = usx for some u ∈ r(S). Then the natural homomorphism π :
is an ideal of S, and moreover if I is an ideal of S then the set { a s : a ∈ I, s ∈ S} is an ideal of Q(S) which is denoted by I e [1] . In Theorem 3, we characterize the r-ideals of any semigroup by means of ideals in Q(S).
In addition to above results in this paper, In Proposition 9, we characterize the semigroups whose all ideals are r-ideals. In Theorem 11, we investigate the r-ideals of cartesian product of semigroups. Finally in Proposition 15, we study the r-ideals in polynomial semigroups.
r-Ideals of Commutative Semigroups
Definition 1 Let S be a semigroup. We will call a proper ideal I of S an r-ideal if whenever ab ∈ I with ann(a) = 0, then b ∈ I for every a, b ∈ S.
Example 1 (i) Consider the multiplicative semigroup Z 6 of integers modulo 6. Then every ideal of Z 6 is an r-ideal. Let I be a nonzero proper ideal of Z 6 and ab ∈ I with ann(a) = 0. Thus a and 6 are relatively prime and so a has an inverse in Z 6 , so that b = a −1 (ab) ∈ I. ) = ∈ I with ann( ) = 0, but
Proposition 1 Suppose that I is an r-ideal of a semigroup S. Then I ⊆ zd(S).
Proof. Let I be an r-ideal of S. Assume that I zd(S). Then there exists an element a ∈ I with ann(a) = 0. Since I is an r-ideal and 1.a = a ∈ I, we get 1 ∈ I, namely, I = S which is a contradiction.
Proposition 2 Let S be a semigroup, and let {I i } i∈∆ be a nonempty set of r-ideals of S. Then the union and intersection of {I i } i∈∆ are also r-ideals.
Proof. Here we prove the union of r-ideals is an r-ideal, and the other claim can be verified easily. Let ab ∈ i∈∆ I i with ann(a) = 0 for a, b ∈ S. Then we have ab ∈ I i 0 for some i 0 ∈ ∆. Since I i 0 is an r-ideal of S, we conclude that
Clearly, a proper ideal P of S is a prime ideal if and only if P = (P : a) for every a / ∈ P. Now, we give a similar result for r-ideals.
Theorem 3 Let S be a semigroup and I a proper ideal of S. Then the followings are equivalent: i) I is an r-ideal. ii) I = (I : r) for each r ∈ r(S).
Proof. i) ⇒ ii) : Suppose that I is an r-ideal. The inclusion I ⊆ (I : r) holds for each r ∈ S. Now, we show the reverse inclusion is also true for each r ∈ r(S).
Let x ∈ (I : r). Then we have rx ∈ I, and thus x ∈ I because I is an r-ideal. Consequently, we get I = (I : r) for each r ∈ r(S). ii) ⇒ i) : Let ab ∈ I with ann(a) = 0. Then by (ii) we have b ∈ (I : a) = I, and thus I is an r-ideal. i) ⇒ iii) : We know that I ⊆ I ec for any ideal I of S. Assume that I is an r-ideal and a ∈ I ec for a ∈ S. Then we have a 1
∈ I e , so that
for some x ∈ I, s ∈ r(S). Thus there exists an element r ∈ r(S) such that (rs)a = rx ∈ I. Note that ann(rs) = 0, so we infer a ∈ I since I is an r-ideal. Consequently, we have I = I ec . iii) ⇒ i) : Suppose that I = J c , where J is an ideal in Q(S). Let ab ∈ I with ann(a) = 0. It is easy to see that ∈ J. Thus we get the result that
Remark 1 i) In [5] Mohammadian showed that a proper ideal I of a commutative ring R is an r-ideal if and only if rR ∩ I = rI for every r ∈ r(R), where r(R) denotes the set of all regular elements of the ring R. One can easily prove that if I is an r-ideal of a semigroup S, then the above equality is satisfied. But the converse is not always true for semigroups. For instance, consider the semigroup S = {0, 1, a : a 2 = a} and the ideal I = {0, a} of S. It is easy to see that rS ∩ I = rI holds for every r ∈ r(S). As I has a regular element, by Proposition 1, I is not an r-ideal of S.
ii) As in the ring theory, a proper ideal I of a semigroup S is called a pure (von Neumann regular) ideal, for every a ∈ I, then there exists an element b ∈ I such that a = ab (a = a 2 b) [6, 3] . Again from [5] , every pure ideals and von Neumann regular ideals are also r-ideals in any commutative ring. But this is not true in general for semigroups, see the previous example.
Recall that a semigroup S is an r-semigroup if, for any a, b, c ∈ S, whenever ab = ac = 0, then b = λc for some unit λ ∈ S [1].
Proposition 4 Every pure ideals and von Neumann regular ideals of an rsemigroup S are also r-ideals.
Proof. Suppose that I is a pure ideal of an r-semigroup S. Let ab ∈ I with ann(a) = 0. If ab = 0, then b = 0 ∈ I. Now assume that ab = 0. Since I is a pure ideal, we conclude that ab = (ab)c = 0 for some c ∈ I. Then we have b = λ(bc) for some unit λ in S, because S is an r-semigroup. Consequently, we get b = λ(bc) ∈ I as it is needed. Similar proof can be given for a von Neumann regular ideal.
Theorem 5 Let I be a proper ideal of S. Then I is an r-ideal if and only if whenever J ∩ r(S) = ∅ and JK ⊆ I for ideals J, K in S, then K ⊆ I.
Proof. Assume that J ∩ r(S) = ∅ and JK ⊆ I implies K ⊆ I for ideals J, K in S. Let ab ∈ I with ann(a) = 0. Now, put J = aS and K = bS. Then it is clear that J ∩ r(S) = ∅ and JK ⊆ I. By assumption, we have K = bS ⊆ I and so b ∈ I. For the converse, suppose that I is an r-ideal and JK ⊆ I with J ∩ r(S) = ∅ for ideals J, K of R. As J ∩ r(S) = ∅, there exists an element a ∈ J such that ann(a) = 0. Note that aK ⊆ JK ⊆ I. Since I is an r-ideal, we conclude that K ⊆ (I : a) = I by Theorem 3.
Proposition 6
Suppose that I ⊆ J are ideals of a semigroup S. If I is an r-ideal of S and J/I is an r-ideal of S/I, then J is an r-ideal of S.
Proof. Let ab ∈ J with ann(a) = 0. It is clear that (aI)(bI) = abI ∈ J/I. To prove ann(aI) = 0 S/I , we take an element r ∈ S such that (rI)(aI) = 0 S/I , then we have raI = 0 S/I . And this implies ra ∈ I, so we have r ∈ I. So that ann(aI) = 0 S/I , bI ∈ J/I and thus b ∈ J. Consequently, J is an r-ideal.
Proposition 7 Let S be a semigroup, T a nonempty subset and I a proper ideal of S. Then the followings are equivalent: i) I is an r-ideal. ii) (I : T ) is an r-ideal for any T I.
Proof. i) ⇒ ii) : Suppose that I is an r-ideal and ab ∈ (I : T ) with ann(a) = 0. Then we get abT ⊆ I, and so bT ⊆ I as I is an r-ideal. So that we have b ∈ (I : T ), and hence (I : T ) is an r-ideal.
ii) ⇒ i) : Assume that (I : T ) is an r-ideal for any T I. Now we show that I is an r-ideal. Suppose not. Then there exists a, b ∈ S such that ab ∈ I with ann(a) = 0, but b / ∈ I. Put T = {b} I, and note that (I : T ) = S. As a regular element a in (I : T ), by Proposition 1, (I : T ) is not an r-ideal which contradicts by assumption.
Corollary 8 i) Annihilator of a nonzero subset T of a semigroup S, i.e, ann(T ) = (0 : T ), is always an r-ideal.
ii) Let I be an ideal of S with I ∩ r(S) = ∅. Then I ∩ J = I ∩ K, where J and K are r-ideals of S, implies that J = K.
Proof. i) It is straightforward by Proposition 7.
ii) Suppose that J, K are r-ideals and I is an ideal of S such that I ∩ J = I ∩ K with I ∩ r(S) = ∅. Since IJ ⊆ I ∩ J = I ∩ K ⊆ K and K is an r-ideal, by using Theorem 5, we have J ⊆ K. Similar argument shows that K ⊆ J, and so K = J.
We say a semigroup S is an uz-semigroup if all elements in S is either unit or zero divisor.
Proposition 9
The followings are equivalent for any semigroup S: i) S is an uz-semigroup. ii) Every principal ideal is an r-ideal. iii) Every ideal is an r-ideal. iv) Every prime ideal is an r-ideal. v) Every maximal ideal is an r-ideal.
Proof. i) ⇒ ii) : Suppose that I is a proper principal ideal of S. Let ab ∈ I with ann(a) = 0. Then by assumption a is unit, and so b = a −1 (ab) ∈ I. ii) ⇒ iii) : Assume that I is a proper ideal of S and ab ∈ I with ann(a) = 0. Note that ab = S. Since ab ∈ ab and ab is an r-ideal of S, we conclude that b ∈ ab ⊆ I. Hence I is an r-ideal.
iii
Suppose that every maximal ideal is an r-ideal. Let a be a nonunit element of S. Then there exists a maximal ideal M containing a. So by Proposition 1,we get a ∈ M ⊆ zd(S). Consequently, S is an uz-semigroup.
Suppose that S 1 , S 2 are two semigroups. With the following multiplication, S 1 × S 2 becomes a semigroup:
Lemma 10 Let S 1 , S 2 be two semigroups and S = S 1 × S 2 . Suppose that I = I 1 × I 2 , where I 1 is an ideal of S 1 and I 2 is an ideal of S 2 . Then followings are equivalent: i) I is an r-ideal of S. ii) I 1 is an r-ideal of S 1 and I 2 = S 2 or I 1 = S 1 and I 2 is an r-ideal of S 2 or I 1 , I 2 are r-ideals of S 1 , S 2 , respectively.
Proof. i) ⇒ ii) : Let I be an r-ideal of S. Since I is a proper ideal, at least one of I 1 and I 2 is proper. Without loss of generality we may assume I 1 = S 1 and I 2 = S 2 . Now, we show that I 2 is an r-ideal of S 2 . In other cases similar proof can be given. Let a 2 b 2 ∈ I 2 with ann S 2 (a 2 ) = 0 S 2 . It is easy to see that
Since I is an r-ideal of S, we have (0 S 1 , b 2 ) ∈ I and then b 2 ∈ I 2 . Hence I 2 is an r-ideal.
ii) ⇒ i) Conversely, asssume that I = S 1 × I 2 , where I 2 is an r-ideal of S 2 . To prove that I is an r-ideal, take (a 1 , a 2 )(b 1 , b 2 ) = (a 1 b 1 , a 2 b 2 ) ∈ I with ann S 1 ×S 2 (a 1 , a 2 ) = 0 S 1 ×S 2 . Then it is clear that a 2 b 2 ∈ I 2 , ann S 2 (a 2 ) = 0 S 2 . Since I 2 is an r-ideal of S 2 , we conclude that b 2 ∈ I 2 . Thus we have (b 1 , b 2 ) ∈ I, and this completes the proof. Under the other assumptions, one can similarly show that I is an r-ideal.
Theorem 11 Let S 1 , ..., S n be commutative semigroups and I i 's are ideals of S i for 1 ≤ i ≤ n, where n ≥ 2. Then I = I 1 × ... × I n is an r-ideal of S = S 1 × S 2 × ... × S n if and only if I i 's are r-ideals of S i for some i ∈ {i 1 , i 2 , ..., i t } and I j = S j for every j ∈ {1, ..., n} − {i 1 , ..., i t }.
Proof.
To prove this result we use induction on n. Assume that n = 2. Then the claim is true by previous lemma. Now, suppose that the claim is true for k ≤ n − 1. Let k = n and
Then by previous lemma I = J × I n is an r-ideal of S × S n if and only if J is an r-ideal of S and I n = S n or J = S and I n is an r-ideal of S n or J, I n are r-ideals of S and S n , respectively. By induction hypothesis the claim is true.
Proposition 12 A prime ideal P is an r-ideal in a semigroup S if and only if P ⊆ zd(S).
Proof. Suppose that P is a prime ideal of S. If P is an r-ideal, then by Proposition 1 we have P ⊆ zd(S). Conversely, assume that P ⊆ zd(S). Let ab ∈ P with ann(a) = 0. Then it follows that b ∈ P as a / ∈ P.
Proposition 13 Let P 1 , P 2 , ..., P n are prime ideals of a semigroup S, which is not comparable, that is,
P i is an r-ideal, then all of the P i 's are r-ideals.
Proof. Without loss of generality we may assume that i = 1. Let ab ∈ P 1 with ann(a) = 0. Since P i 's are not comparable we can infer n i=2 P i P 1 . So there exists an element r ∈ n i=2 P i such that r / ∈ P 1 , and thus abr ∈
P i is an r-ideal. Thus we get the result
Theorem 14 Let S be a semigroup, and I, P be ideals of S. Then the followings hold: i) If I is an r-ideal and P ∈ M in(I), then P is also an r-ideal. ii) If P is a maximal r-ideal of S, then P is a prime ideal.
Proof. i) Suppose that I is an r-ideal and P ∈ M in(I). Let ab ∈ P with ann(a) = 0. Then by [[4] , Lemma 3.1] there exists an element x / ∈ P such that (ab) i x ∈ I for some i ∈ N. So we conclude that b i x ∈ I ⊆ P as ann(a i ) = 0. Since P is a prime ideal, we get b i ∈ P, namely, b ∈ P. Therefore P is an r-ideal.
ii) Assume that P is a maximal r-ideal of S. Let ab ∈ P and a / ∈ P. Using Proposition 7 we see that (P : a) is an r-ideal which contains P. Then by the maximality of P, we have b ∈ (P : a) = P. Hence P is a prime ideal of S.
Let S be a semigroup and x be an indeterminate. Then the multiplication on the polynomial semigroup S[x] = {sx i : s ∈ S, i ≥ 0} is defined as follows:
(sx i )(tx j ) = (st)x i+j for any s, t ∈ S and i, j . It is easy to see that ann(sx i ) = 0 S[x] if and only if ann(s) = 0. So we have st ∈ I with ann(s) = 0. Since I is an r-ideal, we conclude that t ∈ I, and so tx j ∈ I[x]. The converse is clear.
The polynomial semigroup S[x 1 , x 2 , ..., x n ] in n variables can be defined in a similar way. And also one can easily show the following result.
Corollary 16 Let S be a semigroup and I be a proper ideal of S. Then I is an r-ideal if and only if I[x 1 , x 2 , ..., x n ] is an r-ideal of S[x 1 , x 2 , ..., x n ].
